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At present there are only a few approximate identity kernels for the Walsh
system, for example, the pN-truncated Dirichlet kernel DpN _I(t) = L:;:o I wj(t) [6];
the Abel-Poisson kernel ,lyCt) = L:r~o l'k Wk(t) [3], and so on. In [6], Zheng has
introduced a new kind of approximate identity kernels for the Walsh system-the
kernels of product type. In the present paper we discuss the approximation proper
ties of such product type kernels. Estimates of their moments as well as a direct
approximation theorem are obtained. Then, to establish an inverse approximation
theorem, we need the p-adic derivative of product type kernels and we estimate this
derivative in L I-norm. © 1986 Academic Press, Inc.

In this paper we consider kernels of product type introduced by Zheng
(cf. [6J):

n-l
kn(t;r;s)= n (1 +aj,l<Pj(t) + ... +aj,p_l<P!-I(t)),

j~O

tE [0,1), nEJV',

(1)

where p:;:' 2 is an integer and the coefficients aj,l depend on parameters
SEJV', rE [0, 1), that is, aj,l=aYl(r); <pit) are the p-adic Redamacher
functions, <pit) = Wpie t), j E P == {O, 1, 2,,,, }; and Wpic t) are the p-adic Walsh
functions

2ni
wm(t) = exp - (m 0 t),

P
mEP, tE [0,1), i=.J=l,

where 0 is defined as follows. Let m=(m_"m_"+I"'mO)' iXEP, and
t = (t 1 t 2 ••· ) be the p-adic expressions of m and t, respectively, m j , t, E Z ==
{O, 1,,,., P - 1}, for j = -iX,.",O; 1= 1, 2,,,.; then

,,+1

mOt= I ml-I'tw
1'~1

* For technical reasons unrelated to Ihe aUlhor, publicalion of this paper has been regret
tably delayed.
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Obviously, each kn(t; r; s) is a periodic function with period 1. Zheng
[6J has proved that the kernels form an approximate identity. As a matter
of fact, he established

THEOREM 1. Let the kernel kn(t; r; s) satisfy the following three con
ditions:

1. There is a constant A, independent of n, t, r, s, such that

t, r E [0, 1), n, s E 5.

2. There is a constant B, independent of n, r, s, such that

!

'1i
wP ;r;s)!':::'B(l ) jmax '" - r p,

1.,;p.,;p-l'1i1;r;s)

where

n .(z· ,. s) = 1+ a(s)(r) z + ... + a{s) (r) Zp-1
'I} , , },l },p-1'

jEP,

w = exp 2ni/p.

3, Assume that for each fixed j E P, IE Z(p) - {O},

lim aj,s)(r) = 1,
s~ co
r --+ 1-

and that there exist r' E [0, 1), tending to 1 together with r, and s' E 5,
tending to 00 together with s, such that

a(S) (r) = a{s')(r')
J+ 1,1 J,I , jEP, IEZ(p)- {O}.

Then kn(t; r; s) is an approximate identity kernel. Moreover,

rIkn(t; r; s)1 dt;;;;A(p-l) +A n(1 + ((p-l) B)/pi).
o j=O

If the coefficients aj,l in (1) depend only on s E 5, aj,1 = aj,s), we denote
the corresponding kernels by kn(t; s). Zheng [6J also obtained

THEOREM I'. Let the kernel kn(t; s) satisfy the following three con
ditions:

1. There is a constant A', independent of n, t, s, such that

s, nE5, tE [0,1).

2. There is a constant B', independent of n, s, such that

I

n.(WP's)1max 'I} , ;;;;B'p-s+j,
hp";p-1 '1i1; s)

j E {I, 2, ..., n - I}, s> n,

wheren.(z·s)=I+a(s)z+ ... +a(s) ZP-l
'IJ ' },l },p-l'
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3. Assume that for each fixed j E P, IE Z(p) - {O},

lim a(s) = 1j,l ,
s_ 00

and that there exists s' E JV tending to 00, together with s, such that

a(S) - a(s')J+l,l- J,l , jEP, IEZ(p)- {a},

EXAMPLE 1. Let n E JV, and

aJ~?(r) = (1 - (ljps - J)) rlpl
,

Then kn(t; s) is an approximate identity kernel. Moreover,

rIkn(t; s)1 dt~A' fI (1 +((p-l) B')lpJ)·
o J=O

We give two examples.

sEJV,rE[O, 1),jE{O, l,oo.,n-l},

IEZ(p)- {a},

where r, s, n satisfy the relation (1/( 1 - r)) pn + 1 ~ ps; then the kernel

n-l( ( 1)kn(t;r;s)= n 1+ 1- S-J rpi<p(t)
j=O P

+... +(1-~:~) r(P-l)P'<p!-I(t)

satisfies condition 1 in Theorem 1 with A = 1, and condition 2 with
B= 4/sin(n/p). Moreover, lims _ oo,r-l- (I-lipS-i) rpi = 1, and aJ11,1(r) =
aJ?(r') with s' = s - 1 and r' = rP, so condition 3 is also fulfilled. We verify
condition 2 as follows. Let L1 = IJiwl'; r; s)/IJi1; r; s), then

1+(1 __1_.) rpiOJI' + ... +(l_P-l)r(p-l)piw(P-l)1'
pS-j pS-j
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say. Since r, s, n satisfy the relation

287

(l/(1-r)) pn+l::;;;. pS, s, n E %, r E [0, 1),

and 11 - rpiwill::;;;' 2, we have for j = 0, 1,..., n - 1,

On the other hand, when (1/(1- r)) pn+ 1::;;;. pS, we deduce 2pn::;;;. ps-l by
taking r =!. So

J2~1\-~;:I-pJ-srpi(1+2rpi+ ... +(p-l)r(P-2 j
r>i)

1

1- rPO 1"1 1
~ -2pJ+l-s·_(1+rpi+ .. · +r(p-ljpi)

1- rpi 2

= jl_r
pO

pij_2pJ +1 - S.~ 11- r
P pil ~~ /1- r

PO pil
1 - rpi 2 1 - rpi I 2 1 - rpi ,

and

Hence condition 2 is verified, and

is an approximate identity kernel.

EXAMPLE 2. Let

SE%,jE {O, 1,..., n-l}, IEZ(p)- {O},

where nand S satisfy n < s. Then the kernel



288 WEIYI SU

satisfies condition 1 in Theorem l' with A' = 1, condition 2 with
B' 1/' ( / ) d d" 3 l' (s) 1 (s) (s') • h= SIn 1t:p, an con ItIon, Im s _ oo aj,l = , aj+I,l=aj,l WIt
s' = s -1. Therefore kn(t; s) is an approximate identity kernel by
Theorem 1'.

Now we discuss the approximation properties of kn(t; r; s).

THEOREM 2. Let X[O,I) be the space Lco,I)' 1~ q < 00, or we [0,1)' where
we [0,1) is the space of all p-adic continuous functions on [0, 1) with norm

Ilfll we[O,l) = SUPXE [0,1) If(x)l; and let

KnU; x; r; s) = J: kn(t; r; s) f(x 8 t) dt (2)

be the singular integral generated by the kernel kn(t; r; s), where 8 is the
inverse operation of EB, and

where xl-' EB tl-' = xl-' + tl-' (mod p). Then f E X[O,I) implies

IIKnU;'; r; s) - f(· )llx[o,l) --.. 0, s, n --.. 00, r --.. 1-.

For the moments of the kernels (1), we establish

THEOREM 3. For the kernel (1) satisfying conditions 1-3 in Theorem 1,
the estimations

(ii)

(iii)

(i) (-r t~ Ikn(t; r; s)\ dt ~ M I (l - rt,

JI 1M 2(1- rt,
t~lkn(t;r;s)ldt~ 1

I-r M
3
(1-r)ln-

1
-,
-r

J: t~ Ikn(t; r; s)1 dt ~ M 4(1- r),

ex:>o, (3)

0<ex:<1, (4)

ex: = 1, (5)

ex: > 1, (6)

hold, where Mil M 3 are absolute constants, and M 2 , M 4 are constants
depending only on ex:.

Proof We have by 1

fl-r t~ Ikn(t; r; s)1 dt ~ fl-r t~A -11 dt
o o-r

A
= ex: + 1 (1- r)~ < A(l- rt,

so that (3) holds.
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To prove (4), we note that for any fixed rE [0,1) and a given nEJV,
there are two cases:

(I) rand n satisfy 0 < l/pn + 1~ 1- r. In this case there is N E fl,
such that N - 1~ n, and

(7)

Obviously, N -'t C1J with r -'t 1-.

(II) rand n satisfy 0< 1-r< 1/pn+ I. We now establish (4) for each
of the two cases separately.

For (I), we divide [0,1) into pN subintervals

/1=0,1, ...,pN-1.

Then

We estimate Jlp'V ... vlp'+'_l' V = 0,..., N - 1. When v= 0, we may proceed as
follows.

If N <n+ 1, let tEla, then U= t+ Jl/pN Ell" /1 = 1,..., p-1, so that

kn(u; r; s) = kn(t + /1/pN; r; s)

= (1 + a~)_1,l(r) CfJN- 1(t) wI' + ...
+ a(s) (r) rn P - 1 (t) wl'(p -1))

N-l,p-l 't'N-l

n-l

X n (1 +ay)(r) CfJj(t) + '" +aY1_;(r) CfJ!-I(t)),
j~a

j#'N-l

since CfJN-l(t)=l for tE[O, l/pN); this implies that

tEla, UEI.u' /1= 1,..., p-1.
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By 2 in Theorem 1, for t E 10

WEIYI SU

and by 1 in Theorem 1

Ikn(t + fl/p N; r; s)/ ~B(l- r) pN- 1Ikn(t; r; s)1 ~ ABp N-1.

That is, we have for U E 11, ... , I p _ 1

jkn(u; r; s)j ~ABpN-l.

If N = n + 1, then kn(u; r; s) = kn(t; r; s), thus

(8)

~ E (0, 1),

Because the proof for N = n + 1 is similar to that for N < n + 1, we only
deal with the case for N < n + 1. Now from (8)

t u~lkJu; r; s)! du= t (t+ ;Nr(kn(t+ ;N; r; s)( dt

~t (t+ ;NrABpN-l dt

N-l 1 {(Jl+1)~+1 (fl)~+I}=ABp -- -- - - ,
IX + 1 pN pN

and

p-lf u~kn(u; r; s)1 du = I: f u~ Ikn(u; r; s)1 du
/tu"'ulp_l 1'=1 I"

ABG1 )~P-l 1
~- - I -- [(Jl+ 1)a+l_ Jl~+I]

P N l'=l Ct +1
AB G1 )~ p-1

=- IV L (Jl+O~
P 1'= 1

AB (_1 )~
~p\pIV D,

where D = L~:; (J.l + 1y, and the mean value theorem was used; therefore

f ~. . ABD G1 )~u Ikn(u, r, s)1 du~-- IV .
!Ju"·ulp_l P

(9)



PRODUCT TYPE KERNELS FOR WALSH SYSTEM

Now we estimate Shu' . ulp2_ 1 ' Since

f u~ Ikn(u; r; s») du
"Ipu' . ulp2_ 1

291

and the mappings t --? u = t + /l/pN- \ /l = 1"00' P -1, transform the interval
10 onto Il'p, respectively, this yields

thus

p~l

L: f ua jkn(u; r; 5») du
I' = 1 l"p

= Pf f (t + :_ l)~ Ik n (t + ::~ 1; r; s)1 dt
1'=1 /0 p P

p-l ( )'"~ L ABpN-2 f t+ ::-1 dt
I' = 1 10 P

AB~l )~P-l '" ABD~l \~
=-2 N L (/lP+~l) ~~ N)'

P 1'=1 P

that is,

p-l ABD 1 G1)'"L f u"'ikn(u;r;s)l~--~ N 0

1'= 1 I"p P P
(10)

For L~::ffll'P+1U"'U/I"+1)P-1'the same mappings t--?u=t+J1/pN-l are
used, and they transform Iv onto II'P+v, /l,v=l, ...,p-l. By conditions 1
and 2 in Theorem 1

p-l

L f u'" Ikn(u; r; s)1 du
I'~l Ipp+1U"'u/(#+J)p_l
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Now under the same notations

WEIYI SU

1J E (0, P - 1).

p-1 AB
2DGI )"'P-lL f u"'lkn(u;r;s)1 du~~ N --.

1l=1 I pp+1U"'ul(p+l)p-l P P

Combining (10) and (11), we have

f ABD 1 Gl)'"u"'lkn(u;r;s)ldu~--J=; N (1+(p-l)B).
lpu ... ulp2_ 1 P P

Then in virtue of (9) and (12)

(11 )

(12)

f " ABD Gl )'" ( (p -1) B) ( 1)u Ikn(u;r;s)ldu~-- N 1+ ° 1+J=;.
lju"'ul?_l P P P

For general v, v = 1, 2, ..., N -1, we estimate Lp'u "_ ulp'+l_l by induction.
Suppose that for v~ 1

f u"'lkn(u;r;s)ldu
Ipv-l v .. , u fpV_I

~ABD 1 (~)'" ( (p-l) B) ... ( (p-l) B)
'" P p(V-1)(1-",) pN 1+ pO 1+ pV~2 '

we write

f u" Ikn(u; r; s)j du
IpVu ... ulp'~+l_l

(13 )

The mappings t---+ U= t+ J-l!pN-v, J-l= 1, , p-l, transform 1o onto IIlP"

respectively, and IJ.ll onto IIlP'+J.ll' J-l1 = 1, , p-l. Hence by conditions 1
and 2 in Theorem 1,
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Ik (
f1 )1 II1N-V-I(OJf.l;r;S)1n t+ N_v;r;s = (1' . ) jkn(t;r;s)j

p I1N-v-l,r,s

,;:;; B(1- r) pN-v-1Ikn(t; r; s)l,

Ik (
f11 )1 \I1N_V_I(OJ f.ll;r;S)! k ( )1

n t+pN_V;r;s = I1N_v_I(1;r;s) I nt;r;s,

These imply by induction that

ABD_l_ 81 )" ( (p-l) B) ... ( (p-l) B)
,;:;; v(1-,,) N 1+ 0 1+ v-I '

P P P P

and

ABD81)"( 1 1 )V-l( (P-l)B),;:;;-- IV 1 +--r=-;+ ... + v(1-,,) n 1 + j .
p p P J~O P

Setting v= N - 1 in (14) we obtain

f u"lkn(u; r; s)1 du
/ju"ulpN_ 1

293

(14 )

ABD( 1 )"( 1 ,,») NJ.Il-02(1+(P~;)B).';:;;p pN 1+pl-"+ ... +p(N 1)(1 _

Since 0 < rJ. < 1, the sum 1 + 1/pl-" + ,., + l/p(N - 1)(1- ,,) is bounded with
pl- "(pi -" _ 1) -1, so it follows from (7) that

t u ... ulpN_
1

u" Ikn(u; r; s)1 du

,;:;; ABD (_IN)" fl~" fi (1 + (p -1) B),;:;; MAl- r)",
p \p p-"-l j =o pJ

where M 2 is a constant depending only on rJ., Equation (4) is proved for
Case (I).

For (II), note that there exists mE JV such that m > nand

1 1 1o< ---;;;-:;:l < 1- r :::::; m < --n:+T'
P P P

(15)
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M 3 =const.

we let m ~ OC! together with r ~ 1-. By the same method used above, (6)
may also be obtained. By the way, when a> 1 formula (14) still holds; it
follows from (14) that

J: u" Ikn(u; r; s)1 du

=f+f }U"lkn(U;r;s)ldU
10 1) U ... U IpN- 1

A 01)" ABD 01 )"~ + (l+p"-l+ '" +p(N-l)(,,-l»)
a+1 N p N

N-2 ( (p-1) B)
x n 1+ i

i=O P

A 01)" ABD01 )"(P"-1)N_1 cxo ( (P-1)B)
~- - +- - n 1+ ..

a + 1 N P N p" - 1 - 1 i = 0 pJ

A (_1)" ABD (1)" cxo ( (P-1)B)
~ a + 1\iN + p(p" - 1 - 1) vN }!o 1+ pi

~M4(1-r),

where M 4 is a constant depending only on a; hence (6) is valid.
We turn to estimate H-r ulkn(u; r; s)1 duo Repeating the steps used above

to deduce, e,g., for N < n + 1, we have

f ABDo 1
ulkn(u;r;s)1 dU~--N'

1)U"'Ulp -l P P

f ABDo 1 ( (p -1) B)
ulkn(u;r;s)ldu~--N 1+ 0 '

1) U ... U Ip2 _1 P P P

where Do == L~: t (Ii + 1), and generally,

Let v = N for (I). We have by (7), N -1 ~ (In(lj(l- r)))j(ln p), thus

f-r ulkn(u;r;s)1 du~M3(1-r)ln(lj(1-r)),

For (II), the result (5) follows similarly, and the proof is complete.
For the Walsh system, Lipschitz classes and the modulus of continuity

are defined respectively as follows:
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Lip(o:; X[O,1)) = {J E X[O,I): Ilf(- EBh) - f(· )11 X[O,l) ~ Mh a},

w(f; 0; X[O,1)) = sup Ilf(' EB h) - f(- )11 X[O,l)'
O,,;;h,,;;J

rx>O,

295

rx> 1.

O<rx<l,

rx = 1, (16)

In virtue of Theorem 3, the direct approximation theorem follows
immediately.

THEOREM 4. Let f E Lip(o:; X[0,1»), 0: > O. Then for r~ 1-, n ~ co,
S~ 00,

O((1-r)a),

IIKn(f;'; r; s) - f(· )11 X[O,l) = 0 ((1- r) In 1~ r),

0(1- r),

Proof It follows from Minkowski's inequality that

IIKn(f;';r;s)-f(')llx[o,l)=llr [f(- 8 U)-f(-)]kn(U;r;s)dUII
o X[O,l)

~ ( Ilf(' EB u) - f(· )11 X[O,l) Ikn(u; r; s)1 du

~ f
0

1

w(f; u; X[O,I») Ikn(u; r; s)1 duo

ButfELip(o:;X[O,1)) implies w(f;u;X[o,I))~Mua, 0:>0; thus (16) follows
by Theorem 3.

To prove the inverse approximation theorem for the singular integral
Kn(f; x; r; s), we seek the p-adic derivative [2, 5J of the kernel kn(t; r; s).

DEFINITION. If f(x) is a real or complex-valued function on [0, 1), then
its p-adic derivative (pointwise) is defined as [5 J

N p-l

j<I)(x)= lim L pi L A
j
J(xEB/Jp-l-l), xE[O,l),

N~ 00 i=O 1'=0

whenever the limit exists, where Ao= (p - 1)/2, A I' = wI'/( 1 - wl'), Jl = 1,...,
p-1.

Let t = (t 112' .. ) be the p-adic expression of t E [0, 1); then for N> n
(note that L~:6 AI' = 0)

N p-l

I N =L pi L Al'kn(t0JJlP-I-l;r;s)
1=0 1'=0

640/47/4-3
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The limit of J N exists as N -t 00, and we have

k~1>(t;r;s)= lim I N
N~oo

G1 ) {n-1 [n-1 1J {w tJ
+ 1;r;s)=k --·,.s "pi n --"J _

n n+l" 1..J 11.(l'r's)
1=0 j~O '/J ' ,

j#1

thus by conditions 1 and 2 in Theorem 1

A n-1::;:;-- I pIBn-1(1-rt~1

1- r I~O

X {po+ 1 + .. +1-1 +1+ 1 + ... +n-1. B· (1- r)· pl. C~~ IAIlI)}

=~-l-Bn(1-rt p(n2 +nl/2,
p-ll-r

where c=L:~:~ IAIlI. From this estimation of k?>(t;r;s) we see that if
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pn(1 - r) - 1 = O( lin), we have In pn(1 - r) = In(1 + O( lin)) = O( lin); then
n In pn(1- r) = 0(1), therefore n{ln B + In(1- r) + ((n + 1)/2) In p} =
O(lln) and (B(I- r) p(n+ 1)/2t = 0(1); so the following theorem is obtained
immediately.

THEOREM 5. For the p-adic derivative of kn(t; r; s) we have

for r -> 1-, n -> CfJ, s -> 00 with the relation pn(1- r) -1 = O(lln).

We now prove the inverse approximation theorem.

THEOREM 6. Let 0 < a < 1, f E X[O,l)' If for n -> CfJ with r = I-llpn,

(17)

then f E Lip(a; X[O,l»)'

Proof Let (j > 0 be given. From (17) there exists a constant G > 0 such
that

nEAl. (18 )

Setting r n = 1- Ilpn, n = 2, 3,..., we construct the sequence

U2(t) = K2(f; t;r2 ;s)= f: k 2(t 8 u;r2 ;s)f(u)du, (19)

Un(t) = Kn(f; t;rn;s)-Kn_I(f; t; rn_l;s)

= t1

[kn(t 8 u;rn;s)-kn_1(t 8 u; rn-1;s)Jf(u) du. (20)

thus by (18)

II Unll XeO,I) ~ IIKn(f; .; rn; s) - f(· )11 XeG,I)

+ IIKn-1(f;'; rn_ l ;s) - f(· )llxeo,l)

~ G ~~a +p(n~ l)a). (21)

Then II Unllxeo,l) is bounded with G(1 + p), and

,
I Un(t) = K,(f; t; r,; s).

n=2
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On the other hand, since kn(t; r; s) is an approximate identity kernel,

lim II ±Un(·)-f(·)11 =0,
1--+ 00 n~2 X[O,I)

}~~ II ±Un(' (JJh)-f(' (JJh)11 =0,
n=2 X[O,I)

and consequently
00

Ilfllx[o,[)~ L IlUnllx[o,I)'
n=2

Relations (22) and (23) imply that for hE [0,1)

hE [0, 1),

(22)

(23)

(24)

}~ IItt2 Un(' (JJh) - Un(')} - {f(' (JJh) - f(·)} L[O,I) = 0. (25)

It follows from (24) and (25) that for any integer I ~ 2 and hE [0, 1)

00

Ilf(' (JJh) - fC )llx[o,l) ~ L II Un(' (JJh) - UnC )llx[o.l)
n=2

1

~ L II Un('(JJh)-Un(')llx[o,l)
n~2

00

+2 L IIUn ll x[0,l)=J1 +J2 , (26)
n~/+ 1

say. For hE [0, J), there is S E JV such that

(27)

J1 is estimated as follows. Using the Walsh-Fourier coefficient method [lJ,
we deduce

where the Walsh-Fourier coefficients of W~s)(x) are

°~ j < pS - 1, S E JV,
ps-l ~j, S E JV,

and ® is the p-adic convolution of two functions f and g,

(f ®g)(x) = (f(x 8 u) g(u) duo
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In view of II W(1s)IILl = O(p-S), S --+ 00 (see [2, 4J)· there is a constant
[0,1)

H>O such that IIW(1s)IILl ~(H/2)p-S, SEJV, This yields by (21)
[0,1)

II Un(' EBh)- Un(' )llx[o,l) ~ II W\s)IIL[o,l) II U~1>(. EBh) - U~l)(· )llxlo,l)

H -
s::. -s. 211 U O >11""2" p . n X[O,l)

= Hp -s II (J~ 1>II X[O,I)'

To estimate IIU~1>llxlo,l)' note that the equality

Kn(Kn_ 1(f; t; rn-1; s); t; rn; s) = Kn_ 1(Kn(f; t; rn; s); t; rn_ 1; s)

is valid for each n E fl. Thus by (20)

Un(t) = Kn(f; t; rn; s) - Kn(Kn_ 1(f; x; rn_ 1; s); t; rn; S)

+Kn_ 1(Kn(f; x; rn; s); t; tn-1; s) - Kn- 1(f; t; rn-1; s),

and this implies

(J~l)(t) = J: k}~I>(t 8 u; rn;s) {j(u) - Kn- 1U; u; rn-l; s)} du

-rk ~ ~>1 (t 8 u; rn_ 1 ; s) {j(n) - KnU; u; rn; s) } du,
o

(28)

whence by (19) and Theorem 5

II (J~I> II X[O,I) ~ Ilk~1>(.; rn; s)11 L[O,IIIIKn -1 (f; .; rn-1; s) - f(- )11 X[O,!)

+ Ilk~~1C; rn_ 1; s)11 L[O,I) II KnU; .; rn; S) - fC )11 X[O,l)

M M
~G(l-rn_l)" 1-r

n
+G(1-rn)" 1-r

n
_

1

= GM(pex + p-l) pn(l-ex), (29)

Choosing an integer I~ 2 such that 1- 1~ s < 1we have by (26), (28), (29),
(21),

Ilf(' EB h) - f(' )11 X[O,I)

I 00 GIl)s::. -s -0>"" L Hp II Un Ilx[OJ)+2 L G -;;;x+~
n=2 n=l+ 1 p

I 00

~HGMp-S(p"+p-l)L pn(I-")+2G(l+pex) L p-n"
n=2 n~l+ 1

~2G(1+P"){HMP-S ±pn(I-")+1~-" exp-s,,}. (30)
n=2 P
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And since 0 < a < 1, pi -1 ~ pS < pi, it follows that

[ (/+l)(l-a) -a. -[a
P-s" p-n(l-a):<p-sP :<p-s'pS+2P P

1... -..:: p1-a_l -..:: p1-a_l
n=2

2-a
:< p -sa
-..:: I-a l' P .P -

(31 )

Therefore, by (30) and (31)

Ilf(' EB h) -f(· )llx[O,l) ~ 2G(1 + pa){ HML1p-sa + L 2P-sa} =. Gop-sa,

where L 1 , L 2 , and Go are constants depending only on a, Hence, by (27)

Ilf(' EB h) - f(· )11 X[O,l) ~ Goba, O<a<1.

This yields supo.,; h <b IIf(' EB h) - f(- )11 X[O,lj ~ Goba, which completes the
proof.

COROLLARY. Let f E XeO,l) and 0 < a < 1. Then

II Kn(f; .; r; s) - f(- )llx[o,l) = 0((1- r)'"), r~ 1-, n ~ 00,

if and only iff E Lip(a; X eO,l))'

For the kernel kn(t; s) with conditions 1-3 in Theorem I', theorems
corresponding to Theorems 2-6 are proved to be valid; we denote them by
Theorems 2'-6', respectively. Here we only state Theorems 3'-6' but omit
their proofs since they are rather similar to the previous ones.

THEOREM 3'. For the kernel kn(t; s) satisfying conditions 1-3 in
Theorem 1', we have

a>O,

O<a< 1,

a= 1,

a> 1,

where Mj, M~ are absolute constants, and M;, M~ are constants depending
only on a.

THEOREM 4'. iffE Lip(a; Xeo,I))' then for n, s ~ 00 we have

O<a< 1,

a= 1,

a> 1.



PRODUCT TYPE KERNELS FOR WALSH SYSTEM 301

THEOREM 5'. The p-adic derivative of the kernel kn(t; s) has the
expression

k<l>(t. s) = k ~~. s) {n~1 pi [nfI~1 IJAW/;+l; S)
n' "n+1' 1... . .(l's)

1=0 1=0 11.1 '
loFl

and it satisfies the estimate

THEOREM 6'. Let O<o:<l,fEX[o,l).lj

n -7 00.

IIKnU;'; s) - f(· )11 X[O.lj = O((ljp"n,

then f E Lip(o:; X[O,I»)'
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