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At present there are only a few approximate identity kernels for the Walsh
system, for example, the pM-truncated Dirichlet kernel D _ (1) :—-25.’15‘ wi(t) [6]1;
the Abel-Poisson kernel 4,(f) =X ,y*w,(r) [3], and so on. In [6], Zheng has
introduced a new kind of approximate identity kernels for the Walsh system—the
kernels of product type. In the present paper we discuss the approximation proper-
ties of such product type kernels. Estimates of their moments as well as a direct
approximation theorem are obtained. Then, to establish an inverse approximation
theorem, we need the p-adic derivative of product type kernels and we estimate this
derivative in L!-norm.  © 1986 Academic Press, Inc.

In this paper we consider kernels of product type introduced by Zheng
(cf. [61]):
n—1
ktirssy=J1 A+a,040)+ - +a;,_ 1077 11)), te[0,1),ne N,
j=0
(1)

where p>2 is an integer and the coefficients a,, depend on parameters
seN,re[0,1), that is, a;,=al3(r); ¢@,t) are the p-adic Redamacher
functions, ¢,(t) =w,(1), je P={0, 1,2,..}; and w,(r) are the p-adic Waish
functions

o
o ()=ep=(mOn,  mePrel01),i=/~1,

where (-) is defined as follows. Let m=(m_,m_,, - mg), o€ P, and
t=(t t, - ) be the p-adic expressions of m and 1, respectively, m;, 1,6 Z =
{0, 1,., p—1}, for j= —a,.., 0; [=1, 2,...; then

a+1

mOt=3 m,_,t,
p=1

* For technical reasons unrelated to the author, publication of this paper has been regret-
tably delayed.
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Obviously, each k,(¢; r; s) is a periodic function with period 1. Zheng
[6] has proved that the kernels form an approximate identity. As a matter
of fact, he established

THEOREM 1. Let the kernel k,(1;r;s) satisfy the following three con-
ditions:

1. There is a constant A, independent of n, ¢, r, s, such that
(65 8)| < Amin{(1 —r)~ Y, p"}, t,ref0,1),n se 4.
2. There is a constant B, independent of n, r, s, such that

nw”;r; s)

gB(l—r)pjs jEPa
ni(1;r;s)

Ispu<p—1
where
niz;rssy=1+al{(r)z+ - +af)_(r)z"7, w = exp 2ni/p.

3. Assume that for each fixed je P, le Z(p)— {0},

lim af$(r)=1,
R

and that there exist r' € [0, 1), tending to 1 together with r, and s'e N,
tending to oo together with s, such that

aply (r)=a)(r'),  jeP,le Z(p)—{0}.
Then k,(t;r;s) is an approximate identity kernel. Moreover,
J ku(t;r; ) di<A(p—1)+ 4 H (1+((p—1) B)/p").
j=0

If the coefficients a;, in (1) depend only on se A, g;,=a}), we denote

the corresponding kernels by k,(¢;s). Zheng [6] also obtamed

THEOREM 1'. Let the kernel k,(t;s) satisfy the following three con-
ditions:

1. There is a constant A’, independent of n, 1, s, such that
k(t; )| <A'p",  s,neN,te[0, 1)
2. There is a constant B’, independent of n; s, such that

n{w";s)
’7j(1§~5')

where n{z;s)=14+alf)z+ -+ +a)_,z"" "

<B'p—ts je{l,2,.,n—1}, s>n,

tspusp—-1
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3. Assume that for each fixed je P,le Z(p)— {0},

lim ay) =1,

§ > o0
and that there exists s’ € NV tending to oo, together with s, such that
aj(izll j(s/): JEP,IGZ(]))‘{O}
Then k,(t; s} is an approximate identity kernel. Moreover,

j ley(t39)] de <A [T (14 ((p—1) BYp)

j=0

We give two examples.
ExaMmPLE 1. Let ne 4", and
a@(r )= ==,  seN,re[0,1),je{0,1,.,n—1},

le Z(p)— {0},
where r, s, n satisfy the relation (1/(1—r)) p"*' < p*; then the kernel

kt;r;s)= n]:[I (l + (l — 1_j> erqJ(t)
=0 14
4 - (1__p 1) plp—1p _fl(t)
p’

satisfies condition 1 in Theorem 1 with 4=1, and condition 2 with
B=4/sin(n/p). Moreover, llmﬁoo,ﬂf (1—=1lp*~yr” =1, and a, (r)=

j+ 1,7
al)(r') with s’ =s—1 and r’=r?, so condition 3 is also fulﬁlled We verify

condmon 2 as follows. Let 4 =n{w"; r;s)/n{l;r;s), then

1+<1_ L .)r”jw“+-- <1_P 1),(;» 1) Pl gy(p— D
s—j p
14l =
1

P
1 ; -1 .
. _ (r—1)p
(1) (1 5=)

1+ 70+ - +r(p‘1)ﬂa}(p—”“
_pj—srpfwu(1+2rpfwu+ +(p_1)r(p-2)p’w(p~2)u)
L+r7 4 - 4 ,0-DF
( —p P+ 2P +(p*—1)rp_2“"')>
1—re?
< 1 —rf o _4
\'l—r”"" . ; ; T4y

+p7 (14 +p—1)

_T:W__pjvsrpl(l +2r”/+ e 4 (p*— 1) r(p—Z)P’)
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say. Since r, s, n satisfy the relation
(/1 =r) p" i< ps, s,ne N, rel0,1),
and |1 ~rf”co"| <2, we have for j=0, 1,..,n—1,

l—r”""l P (1= P 1—p

1—rPwH 7S 1-—r”’w”'+ 2

1—pp 7

1 —rP ot

4,< <2}

On the other hand, when (1/(1 —r)) p"*'< p®, we deduce 2p" < p*~ ' by
taking r=1. So

1—re? , _ _ |
A2> 1 7 —p/’SrP’(I_{_zrp/_f_...+(p__1)r(p72)p,)
—r
>l:_r.p_.p_,_2pi+lws.l(1+rpf+. +r(p—1)p’)
=P 5
= l_:ii/ _2pj+1-s__1_ 1—r? ”jl _1. | pp P
1 —r? 2 l_rp/{ 5 Iwr,ﬂ),
and |
4, 1—pr ? 4 .
Al<s—<4 <= 1—7r)p.
A< .1_§rp’wu smp) ) p

Hence condition 2 is verified, and

k.t r;8)= nﬁl (1 + (1 —;Sl—;j> rﬂj(pj(z)

j=0
—~1 .

is an approximate identity kernel.

ExaMmpLE 2. Let
al)=1-1p*, seA,jef{0,1,.,n—1},1eZ(p)— {0},

where n and s satisfy n < s. Then the kernel

k(t:s)=T1 (1 + (1 —;;1—]) o1)

j=0

~1
o +<1_I;S_j) (p}-”““(ﬂ)
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satisfies condition 1 in Theorem 1’ with A’'=1, condition 2 with

B'=1/sin(n/p), and condition 3, lm,_ ,a{)=1, af,,=a with

s'=s—1. Therefore k,(t;s) is an approximate identity kernel by
Theorem 1.
Now we discuss the approximation properties of k,(¢; r; s).

THEOREM 2. Let X1, be the space L, ;y, 1 <gq< oo, or WCyq ), where
WCyo,1) is the space of all p-adic continuous functions on [0, 1) with norm
1 wern,, = SuPxero) [f(x)]; and let

K (f:xiris)= [ kltiris) flx © 1) de 2)

be the singular integral generated by the kernel k,(t;r;s), where O is the
inverse operation of @, and

x@t=(x,D1,), X, t,€Z(p)ne”,
where X, @ t,=x,+1,(mod p). Then fe X, ,, implies
1K S5 r58) = f( ) xeyy 20 s,n>00,r—>17.
For the moments of the kernels (1), we establish

THEOREM 3. For the kernel (1) satisfyving conditions 1-3 in Theorem 1,
the estimations

W) [ el )l de< My (1 -, >0, (3)
0
G [ ewwneas | U O<esh @
e M,1-r)lh—r) a=1, (5)
1—r
(i) f ok (87 5)] dt < My(1—r), as1, (6)
0

hold, where M, My are absolute constants, and M,, M, are constants
depending only on a.

Proof. We have by 1

r 1—r 1
[ ks rsa<] " ra—ar
0 0 l—r
A o o
=cx+1 (1—r)y<A(l—r)%

so that (3) holds.
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To prove (4), we note that for any fixed re[0,1) and a given ne 4,
there are two cases:

(I) r and n satisfy 0<1/p"+*'<1—r. In this case there is Ne ./,
such that N—1<#, and
1 1 i
= S % < —r<—5—. (7}
Pty Pt

Obviously, N - oo with r > 1~

(II) r and n satisfy 0<1—r<1/p"*'. We now establish (4) for each
of the two cases separately.

For (I), we divide [0, 1) into p”" subintervals

popu+l
7 _I#N—-l:pN,—pj'v—), HZO, 1,...,pN‘—1.

Then

1 1
[ el ) dus [ ulh(us s ) d
1 N

—r 1/p

o - wulpoy Iy - w2y N=lo - O LN

X u* |k (u;r; s)| du.

We estimate j,ﬂw ugpri_yy V=0,., N—1. When v =0, we may proceed as
follows.
If N<n+1,let tely, then u=1+pu/p¥el,, u=1,., p—1, so that

ka(usris)=k,(t+u/pV;r;s)
=(1 +a$\S/)—1,1(") Oy (1) 0"+
+a§ (1) egT i () 0P )

ﬁ (R0 00O

]
since @y _ (¢} =1 for 1€ [0, 1/p"); this implies that

Ny— (0”5 r;s)

ko ) =TS

k,(t;r;s), tely,uel,, u=1,., p—1
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By 2 in Theorem 1, for te/,

Hv— (@75 5)
ny—i(1;5r;8)

[ka(2+p/p"; 15 5)

‘ kt;r;5) <B(l_r)p]\bl,

and by 1 in Theorem 1
k(2 4+ 1p™; 1 ) < B(L=r) p" k(1 s s) < ABp™ L.
That is, we have for uel,,., I, ,
kn(us 73 5)) < ABp™ ~ 1. (8)
If N=n+1, then k,(u; r; s)=k,(¢; r; 5), thus

Ikn(u;r;s)lgAlels uEIl;"'7Ip—l'

Because the proof for N=n+ 1 is similar to that for N<n+1, we only
deal with the case for N<n+ 1. Now from (8)

AN 7
Dtkn N du = t+— kn t+—5:1; )
Lﬂu [k, (u; r; s)| du LO< pN) ( » r;s

gf t+£N ABpN~'dt
Iy

dt

P
1 [l-’rl o+ 1 U o+ 1
= ABpN ' —— ~( ,
G )
and
p—1
j wk,(usrs) du= Y. J u* |k, (u; r; s)| du
o ulpog u=1"1
AB/ 1N\*r21 1
g,_ — 1a+1__ a+1
5 N> EMH[(H )yt
AB [ 1\*r]
~— ~N) Y (utor
y4 a=1
AB [/ 11\*
<7 N Da ZjE(O, 1)7

where D = ij;} (p+ 1)%, and the mean value theorem was used; therefore

BD [ 1\*
j w ke, (s 73 )] du < (p—fv) . 9)
o vl g P
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Now we estimate {;,, ... . ,. Since

[ u* |k, (u; r; s)| du

Yhu o ul

:{”[{:1 j * Z f }u"!kn(u; r;5)| du

ety Dy 12 g 1yp-1)

and the mappings t > u=1+u/p" ', u=1,.., p— 1, transform the interval

I, onto I, respectively, this yields

et 4+ w/pN L) S B —r) pY k(s 8)), el

thus
p—1
S| ks s)) du
=11
2 1 () o (e gmins)
= t+—— ) k,{ t+——;r; 8 )| dt
ﬂ§1[[0< PN~1 pN :
p—1 o
<y ABpN‘Zf <t+~—,\ff:—‘) dt
u=1 Iy 4
AB [ 1\* P2t 1y*
LB s <222 (LY,
P’ (p“) EJ lap+ &)< » 757
that is,
ot ABD 1 1\*
u®lk ————s=1. 10
Py f% s 3 5)] <= plN(DN) (10)

For 3721 {1 ... Glusyy-, the same mappings 1 —u=1+u/p” " are
used, and they transform /1, onto [, ,,, , v=1,.., p— 1. By conditions 1
and 2 in Theorem 1

p—1

y u*lk,(u; r; )| du
p=1"Tp+1 " Vs np-1
p—1 M
< Z B(I~r)p”“2f (z+ ) ke (2; 7;8)| dt
o ul g }9

_ N-2 U “
ZB(I " ZXJIO(HPN 1+p)

x B(1 —r) pY 7k (x;7; 5)) dx
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<AB2(; )“"zl pil 1 wp+p+ 1) = (up+ py 1]
= pz N = “1_1a+1 1 1

AR (1)t
= (p) Z——-[up P (up + 1)1

AB* [ 1\* P!
=‘;z—(p—1v> Y (wp+14+0)*(p—1),  ne(0,p—1)
p=1

Now under the same notations

p—1 2 o _1
. k(5 75 )] du<‘:?,€(p%> 2L

p=1Tgp+1V " Glpr)p-1

Combining (10} and (11), we have

ABD 1 (1Y
| u Vkefuss 73 8)| du < ~—:(p—~> (1+(p—1)B). (12)
o iy P p
Then in virtue of (9) and (12)

ABD [ 1\* (p—l)B)( 1 )
Nk (u;r;s)| du< — T+—{1+——]
jpzu el 739)] du <= (p,v) ( + s o

For general v, v=1, 2,..., N— 1, we estimate f Lo e ULty by induction.
Suppose that for v=1

f u* |k, (u;r;s)| du

Ly—1o -y

ABD 1 1\ —1)B 1
<_—m<—ﬁ) <1+(_p___0_l_>'_'< +(“p—v~zl£>a (13)

2 4 4 14 p
we write
| ke s 73 )| da
yo -yl
p—1
= Z {f +f }u"‘lkn(u;r;s)\ du.
u=1 Uiy S A N (S N |

The mappings ¢t ~»u=1+p/p" >, u=1,., p—1, transform I, onto 7,
respectively, and I, onto I, ,, ui=1,., p—l Hence by cond1t10ns 1
and 2 in Theorem 1,
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ﬂ r[N v 1(0) )‘
k,,(t-i— S s>= k. (t;r;s
P anl(lrS)‘\ A8 139)
<B(1—r) p" " k(857 8)), tely,
thy Ay —v—1(0”;r;s)
k<t+ —— T s>= k,(t;r;8), tel,.
Py My_v_1(L;755) \' (e 5) .

These imply by induction that

[ Ik, (s 73 9)| di

IPVU UIPV+1,1
ABD 1 1 —1)B —-1)B
AL (LY (14 2lE) ()
rp p p

f |k, (u;r;s)| du

ooyl

ABD 1)( 1 1 )M( (p—l)B)
<—| l+——+ " +=7= ) [ {1 +——} (14)
RV p' piTY) o

Setting v=N—1 in (14) we obtain

and

f u*lk,(u;r;s)| du

hu - ULN_
ABD(I)“( 1 1 >N2< (p—l)B>
s—\|— 1+___'&+"'+__‘T_'T&*‘ 4=
p \p" ' pone=s ,-[10 4

Since 0<a <1, the sum 1+1/p' "%+ -+ +1/p¥ =PI~ is bounded with
p' M (p'T*—1)71, so it follows from (7) that

| k(s 73 5)| di

v UlpN

ABD [ 1\* p'™* = (p—1)B .

14 j=0

where M, is a constant depending only on «. Equation (4) is proved for
Case (1).
For (I1), note that there exists me A" such that m>n and

! <1—r<—1~<~l—, (15)
pm pn+1

0< m+1
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we let m — oo together with » — 1. By the same method used above, (6)
may also be obtained. By the way, when «>1 formula (14) still holds; it
follows from (14) that

1
J u* |k, (u;r; s)| du
0

j]@ J‘Ilk)"'kJIPNgl

A 1\* ABD
< (p_N) +T ) (1+p0€ 1+...+p(N*1)(°‘“1))

} k(s 75 )

a+1
N—-2 _

A (142208)
j=0 I4

<l Aﬁ”@ C (1 5)
<aﬁl<%>a p(p"‘ ! 1)(.0 ),Ijo< (L;l_)lz)

<M4(1_r)5

2

where M, is a constant depending only on o; herice (6) is valid.
We turn to estimate [} _, u|k,(u; r; s)| du. Repeating the steps used above
to deduce, e.g., for N<n+ 1, we have

ABD, 1
f ulk,(u;r; s)| du< o
o ulp p
J ulk,(us r; 5)| du< 0—‘N<1+(LT)~—>,
IIU"'UIPZ_I p p p

where Dy=37_1 (u+1), and generally,

J k(w5 75 5)| du<A‘;D° ﬁ ( _?ﬁ!?)

Lo uly g P

Let v= N for (I). We have by (7), N—t < (n(1/(1 —r)))/(In p), thus
jl ik, (us 73 5)| du< Ms(1 —r)In(1/(1—7)),  M,=const.

For (II), the result (5) follows similarly, and the proof is complete.
For the Walsh system, Lipschitz classes and the modulus of continuity
are defined respectively as follows:
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Lip(a; Xpo.1y) = {fEX[0,1)3 ”f('@h)*f(')HXW)SMh“}, a>0,
w(f;&X["’l’):oil,fEa 1AC@h)—F( M xp

In virtue of Theorem 3, the direct approximation theorem follows
immediately.

THEOREM 4. Let felip(a; Xgy)), a>0. Then for r— 1~
§— CO,

, =00,
O((1 —r)), O<a<l,

K579~ SOy = {0 (1=ny =) a=1 (16)
O(1—r), o> 1.

Proof. 1t follows from Minkowski’s inequality that

IK(S5 5 r58) = F( ) 0y =

[ e @ w0 kytus s s) du

X[o1)

<[ 176 @)= 1 o755

<[ (s Xiou) i s 5)

But fe Lip(«; X)) implies w(f; u; X(o,1)) < Mu®, a > 0; thus (16) follows
by Theorem 3.

To prove the inverse approximation theorem for the singular integral
K.(f; x;r;s), we seek the p-adic derivative [2, 5] of the kernel &,(¢; r; s).

DerNtTION.  If f(x) is a real or complex-valued function on [0, 1), then
its p-adic derivative (pointwise) is defined as [5]

N p—1
SPx)=lim Y p' Y A, fx@pp"),  xe[0 1),
No®o g9 u=0
whenever the limit exists, where 4o =(p—1)/2, 4, =0"/(1 —0*), p=1,..,

p—1L

Let t=(t,¢,"--) be the p-adic expression of ze [0, 1); then for N>n
(note that 37 —7 4,=0)
N p—1
Iv= 3 0t Y Ak (t@up T )
=0 p=0
n—1
H (1 +a](f1)(r) L LA R +a}s‘“1(r) w(p»l)tjﬂ)}
j=0
j#l

n—1
= Z pl{
1=0

640/47/4-3
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p—1
x{ Z AH(1+a}f1)(r) O R +a,p (r) o#+ P ””“)}
P

n—1
P’{ [T Q+af(r) o1+ - +af)_(r) a,(pnrm)}

~ X
1l
<
—r
S~

n—1 r—1
I1 nj(w’f“;r;S)H > Auﬂl(w”+tj+1;r;s)}
=9 #=0
J
=no(L;r58) Ha_1(L;158)
71,-((0‘1'“;r;s)[1"1 n,(w“”“;r;s)]}
4 < A, ————— |5,
{Z ,Ho n(l;r;s) Eo ol s)

J#l
The limit of J, exists as N — oo, and we have

k(e r;s)= lim Jy
N — o0

1 n—1 n—ln_(wtjﬂ.r.s)
=k, (p : S){ 1[ BLEASSE 4
mHd lgop jljo ’7](1;?;5)

J#l

N ("Zl 4, @ S)ﬂ};
=0 nd1;r;s)

thus by conditions 1 and 2 in Theorem 1
1 n—1 n—1
NERTEY
1=0 j=0
p—1 U+ 41. e
X( Z | 771((1) P S)
u==0
A

I
Z pIBn 1(1 r)nAI

TR

k(e r8)| <
W ) nl;r;s)

Zemll

1—r,

p—1
x{p0+1+~--+11+1+1+---+nI,B,(l_r),Pl_< Z |Ayl)}
u=0

Ac
p—1

1 2
B*1 —r)* (n*+n)/2
T8 A=r"p ;

where ¢c=%%_4|4,|. From this estimation of kS (8 r;s) we see that if
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pH{l—r)—1=0(/n), we have In p"(1 —r)y=In(1 + O(1/n))y= O(1/n); then
nln p"(1—r)=0(1), therefore n{ln B+In(l—r)+((n+1)2})Inp}=
O(1/n) and (B(1 —r) p"*12)" = O(1); so the following theorem is obtained
immediately.

THEOREM 5. For the p-adic derivative of k,(t;r; s) we have
||kr§1>(9 FS S)“ Lfo,1) = 0(1/(1 - r))

forr—17, n— o0, s > o0 with the relation p™(1 —r)—1=0(1/n).

We now prove the inverse approximation theorem.
THEOREM 6. Let O<a<1, fe Xy, If for n— co with r=1—1/p",

1K 7575 8) = F (M xpoy = O(L/p™), (17)
then f e Lip{a; Xpg 1))-

Proof. Let 6 >0 be given. From (17) there exists a constant G > 0 such

that
1 4
‘ <G(;};> R ne N, (18)
Xgo.ny

Setting r,=1—1/p", n=2, 3,..., we construct the sequence

Kn<f;';l—§;s>~f(‘)

Oa(0) =Kol 1:72) = | Kalt © wirais) fu) du, (19)
¢
Uy =K f5851,58) =K, (f3 657015 9)
[ Tkt © i) kst Q wiri9)] flu) du. (20
0

thus by (18)
10l s, S UKG(S5 55705 8) = S0 M w0y
K55 15 8) = T ) e

1 1
<G<ﬁ+_-—(rx——l)a>‘ (21)
14

Then || U,|l ,,, is bounded with G(1 + p), and

Y U()=K(f;t;1;5).
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On the other hand, since k,(z; r; s) is an approximate identity kernel,

lim z 0,0)-50)| =0 (22)
lim z Oo@n—fCon| =0 kel @)

and consequently
1 < i 10 (24)

Relations (22) and (23) imply that for A€ [0, 1)

=0.  (25)

Xo.n

{g U,,(-@h>—z7n(-)}~{f(-@h)—f(-)}

lim
l— o0
It follows from (24) and (25) that for any integer />2 and ke [0, 1)

”f( (-Bh)—f(' )”X[(),l)<

n

1 18

||Un(' ('Bh)— Un( )” XTo,1y
2

N
M~

10,0 @)~ U Wi,

b
I
N

+2 Z ” Un“X[O,I)EJI_}_JZJ (26)

n=I+1

say. For he [0, d), there is se A such that
p i<h<pth (27

J, 1s estimated as follows. Using the Walsh—Fourier coefficient method [1],
we deduce

Ufx@h)— Uy(x)= WP(x) ® [T (x@h)— U (x)],
where the Walsh-Fourier coefficients of W{)(x) are

0, 0<j<p ™ sed,

— A + ! _.Y ‘N =
[W(ls)()] (]):L W(l ’(,V) wj(y)dy”{l/j’ p-‘"lgj,se./V,

and () is the p-adic convolution of two functions f and g,

(f @) = fx © w) glu)
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In view of | Wﬁs)[|LEO’”=0(p‘S), s— oo (see [2,4]) there is a constant
H >0 such that || Wﬁ”u Lim)g (H/2) p~°, se A, This yields by (21)

” Un( ®h)— U”l( )“X[O,l) < ” WgS)“ LEO,I) H U1§1>( (_Bh) - U)él)( )”X[O,l)

H _
<57 2005 g,

=Hp UM lxp,, P <h<p™*h (28)
To estimate [[US"] y,,,, note that the equality
KoKy {5510 158) 65705 8) =Ky (K, (f3 87,5 8) 87015 5)
is valid for each ne A", Thus by (20)
U(t) = K (f3 1575 8) — K (K o (f5 X570 158 15705 5)
+ K, (K (s X505 8) G ta 15 8)— Ky a(f5 557, 1509),

and this implies

O = [ K © w1y ) L) Ky (it :9)}
0

1
~ [ RSO © 3 7 ) (1) = Kol 513 459))
0
whence by (19) and Theorem 5
H (—];§1>HX[(),|)< “k;§1>(’ Yy, S)“LEO’”“anl(f; S rn-i;s)_f(. )”X[(}‘x)
F RS s Sy K575 15 8) = T M oy

M
1—r

=GM(p*+p~ 1) p" % (29)

Choosing an integer /> 2 such that /— 1 < s </ we have by (26), (28), (29},
(21),

(@ h)‘—f(')”)([o,n

<G(I—r, )" +G(1—r,)

1—r,

n—1

! _ & 1 i
g z prs”U’§1>HX[0‘”+2 Z G _jz;+ (n-—l)ac)
n=2 n=1+1 4
]
%

<SHGMp—(p*+p~") Y p'" ) +2G(1+p%)

1
)
N2
! —a
<2G(1 + p*) {HMp-f y gy 2 _ap““}. (30)
n=72



300 WEIYI SU

And since 0 <a< 1, p'~1< p* < p’, it follows that

! (+1)(1—a) —a, ,—
—5 ~n(1—o¢)< —sp <p- S s+2p p
p Ezp e B A A
2—«
p — sa
<P (1)

Therefore, by (30) and (31)
1fC@®R) = f( oy <261+ p*) {HML, p~™ + Ly p~*} =Gop ™™,
where L, L,, and G, are constants depending only on «. Hence, by (27)
1fCDR) — (M xp, S God%  O<a<l

This yields supgcs<sllf(-@h)— ()l xy, < God%, which completes the
proof.

COROLLARY. Let fe X,y and 0 <a<1. Then
1Ku(S5 575 8) = f( W xpo, =01 —=1)%),  r—17,n—> 00,

if and only if f e Lip(a; Xp0,1))-

For the kernel k,(¢;s) with conditions 1-3 in Theorem 1’, theorems
corresponding to Theorems 2—6 are proved to be valid; we denote them by
Theorems 2'—6’, respectively. Here we only state Theorems 3'-6" but omit
their proofs since they are rather similar to the previous ones.

THEOREM 3'. For the kernel k,(t;s) satisfying conditions 1-3 in
Theorem ', we have

() 57 1k, (15 5)) dr< MY(Lp™)%, a>0,
s 1 o . 2(1/17 )a, 0<(X<1,
L Ity A

(i)  §5 1 lka(t; 5)) dt < Mi(1/p"), a>1,
where M, M’ are absolute constants, and M, M, are constants depending

only on a.

THEOREM 4'. If feLip(a; X(o1)), then for n, s — 00 we have

o((1/p™)%), O<axl,

IKA(f538) = [l xgo,y = O/ In p),  a=1,
O(1/p"), a> 1.
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TueOREM 5. The p-adic derivative of the kernel k,(t;5) has the

expression
1 n—1 nﬁli’[-((l)”“'s)
ks =k, (s ) {5 | T e
1 1§o j}}o 17‘/( 1;8)

J#l

r—1 [
niw ,S)\]}
X A, ——
<,u§0 onll;s) )
and it satisfies the estimate
S5 9l = 0", n— .
THEOREM 6'. Let O<a <1, feXio,). If

KA S5 5 8) = [T sy = OUL/P")), 15> 00,
then f e Lip(a; Xpo1))

ACKNOWLEDGMENT

The author could like to thank Professor Wei-xing Zheng heartily for his encouragement
and help. Many thanks also to Professor P. L. Butzer for his valuable advice.

REFERENCES

1. P. L. Butzer anD R. J. NEsseL, “Fourier Analysis and Approximation,” Vol. 1, Academic
Press, New York, 1971.

2. P. L. Burzer aND H. J. WAGNER, Walsh-Fourier series and the concept of a derivative,
Appl. Anal. 3 (1973), 29-46.

3. W.-Y. Su, The kernel of Abel-Poisson type on Walsh system, Chinese Ann. Math. 2 (1981),
81-92. [English}

4. W.-Y. Su anp W.-X. ZHENG, The logical derivatives and integrals, J. Math. Res. Expasition
1 (1981), 79-90. [ Chinese |

5. W.-X. ZHENG, The generalized Walsh transform and an extremum problem, Acta Math.
Sinica 22, No. 3 (1979), 362-374. [ Chinese]

6. W.-X. ZuENG, Approximate identity kernels on Walsh system, Chinese Ann. Math. Ser. A 4
(1983}, 177-184. [Chinese]



